We propose an alternative formulation of the sensor method presented in [Phys. Rev. Lett 109, 183601 (2012)] for the calculation of frequency-filtered and time-resolved photon correlations. Our approach is based on an algebraic expansion of the joint steady state of quantum emitter and sensors with respect to the emitter-sensor coupling parameter . This allows us to express photon correlations in terms of the open quantum dynamics of the emitting system only and ensures that computation of correlations are independent on the choice of a small value of . Moreover, using time-dependent perturbation theory, we are able to express the frequency-and timeresolved second-order photon correlation as the addition of three components, each of which gives insight into the physical processes dominating the correlation at different time scales. We consider a bio-inspired vibronic dimer model to illustrate the agreement between the original formulation and our approach.
I. INTRODUCTION
Single-photon coincidence measurements have been recognised as a fundamental theoretical and experimental methodology to characterize quantum properties both of light [1] [2] [3] [4] as well as those of the emitting source [5] [6] [7] . Particular focus has been placed on investigation of the second-order photon correlation function as the lowest order of correlations capable of probing non-classical phenomena [2] . Formally, such normally-ordered two-photon correlation function is defined as [8] g (2) (t 1 , t 2 ) = T − [Â † (t 1 )Â † (t 2 
)]T + [Â(t 2 )Â(t 1 )] Â † (t 1 )Â(t 1 ) Â † (t 2 )Â(t 2 )
,
withÂ being the field operator and T − and T + the timeordering and antiordering superoperators necessary for a consistent physical description [8] . Here T − increases time arguments to the right in products of creation operators, while T + increases time arguments to the left in products of annihilation operators.
In the context of photon counting experiments it has also become clearer that spectral filtering of optical signals -and its associated trade off between frequency and time resolutionopens up the door for the investigation of variety of phenomena in quantum optics [8] [9] [10] [11] [12] . The energy-time Fourier uncertainty relation imposes a constraint on the precision with which arrival time and frequency of a photon can be measured [13, 14] . Rather than being a limitation, this uncertainty has shown to offer a potential for novel investigations of quantum phenomena ranging from the identification and manipulation of new types of photon quantum correlations [10, [15] [16] [17] [18] to the development of new protocols for the preparation and readout of entangled photons [19, 20] . It has also recently been discussed how frequency-and time-resolved photon correlation measurements can provide insights into the emitter dynamics which are complementary to the information provided by coherent multi-dimensional spectroscopy [21] -the * Electronic address: a.olaya@ucl.ac.uk later being the ultrafast, non-linear technique capable of probing of quantum coherence dynamics in a variety of biomolecular and chemical systems (for a review see [22] ).
Filter-dependent correlation functions are defined in terms of filtered emission operatorsÂ F (t) = ∞ 0
F(t )Â(t − t )dt and
A † F (t) = ∞ 0
F(t )Â
† (t − t )dt with F(t) the one sided Fourier transform of the frequency filter function. The filtered twotime correlation function can be written as g (T 2 ) with F j (t) the time and space filter functions for each detector [8, [23] [24] [25] [26] [27] . Due to the convoluted definition ofÂ
involves computing a four dimensional integral with the time ordering applying within this set of integrals, thereby making such a calculation non-trivial. Higher-order correlations g (n) F 1 ...F n (T 1 . . . T n ) are defined in a similar way, although their theoretical computation becomes more difficult. Thus, a full theoretical understanding of the effects of such filters in the photon statistics has only recently been possible with the development of methods that can overcome the computational complexity [15, 16] .
In particular, Ref. [15] has put forward an efficient sensor method for calculating these frequency and time-resolved correlation functions, which avoids the need to explicitly compute the multidimensional integral set. The methodology involves accounting, in a quantum mechanical manner, for a weak coupling between the quantum emitter and a set of sensors, each of which is represented as a two-level system. In the limit of vanishing system-sensor coupling, the sensor population correlations are shown to quantify the photon correlations of interest. As originally proposed, this method relies on the explicit use of a numerically small value for the system-sensor coupling. Hence, accurate determination of the photon-correlations function demands testing for convergence. The need for a small parameter may also lead to numerical calculations exhibiting instabilities. Moreover, the method requires solving the quantum dynamics of the joint emitter-sensors state and therefore the dimensionality of the density matrix can become a problem for quantum systems of large dimensions.
In this paper, we report an alternative formulation of the sensor method that addresses the above issues. We propose a formalism that allows us to express photon correlations fully in terms of the quantum dynamics of the emitting system while at the same time eliminating the dependence on a specific value for the small parameter. In our formalism the small parameter vanishes algebraically in all the expressions for multi-photon correlations. Furthermore, using time-dependent perturbation theory, we are able to express the second-order photon correlation as the addition of three components, which provide insight into the physical processes dominating the emission at different time scales. The paper is organised as follows: Sec. II summarises the original presentation of the sensor method and motivates the development of an alternative formulation. Sec. III presents the approach to derive the steady state system and photon correlations at zero-time delay. Sec. IV explains the derivation of time-dependent correlation functions for finite detection delays, Sec. V illustrates the agreement between our approach and the original sensor method for a bio-inspired vibronic dimer model, and Sec. VI concludes.
II. MOTIVATION
As proposed in [15] , the sensor method for calculating the M−photon correlation function involves simulating the dynamics of a quantum emitter with Hamiltonian H 0 , weakly coupled to M sensors represented by two-level systems, labelled with m = 1, · · · , M, and ground and excited states |0 m and |1 m , respectively. Each sensor has an associated Hamiltonian H m = ω m ς † m ς m with annihilation operator ς m = |0 m 1 m | and transition frequency ω m set to match the emission frequency to be measured. The interaction Hamiltonian between the quantum emitter and the m−th sensor is given by H e,m = m a m ς † m + a † m ς m , with the coupling strength m being small enough to neglect back action. For generality, we have considered that the emission operators a j coupled to each sensor can be different. This is the case whenever local resolution is achievable in a multipartite quantum emitter or when emitting transitions can be distinguished via fluorescence polarization detection as it happens, for instance, in single lightharvesting complexes [28] . In such a scenario, the frequency filters illustrated in the envisioned experimental setup (see Fig. 1(a) ) will also be polarizing filters.
Considering Markovian relaxation channels for both the emitter and the sensors, the joint emitter-sensors density matrixρ satisfies the master equation 
with
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(Color online) (a) Schematic of a experimental setup to measure frequency-resolved photon correlations similar to the one used in Ref. [20] ) . (b) Diagram of the sensor method proposed in Ref. [15] to compute frequency-filtered correlations. Each sensor, represented by a two-level system, is quantum mechanically coupled to the quantum emitter with coupling strength m with m = 1, . . . , M. Photon correlations are given by normally-ordered sensor operator correlations in the limit when 1 , . . . , M → 0 .
The superoperators on the right hand side of Eq. (3) have the
i c i for a system jump operator c i and a relaxation process at rate γ c i . Same holds for L ς m in Eq. (4) describing the decay of the mth sensor with jump operator ς m at a rate Γ m . In the limit of m satisfying m Γγ Q /2 with γ Q the smallest transition rate within the emitter dynamics, and sensor populations satisfying n m = ς † m ς m 1, intensity-intensity correlations of the form : n 1 n 2 . . . n M : are directly related to the Mth order photon correlation functions [15, 16] :
:
with [8] 
The filter functions correspond to a Cauchy-Lorentz distribution i.e. F m (t) = θ(t) Γ m /2 exp[−(Γ m /2 + iω m )t] with θ(t) the Heaviside function, and can be realised, for instance, via a Fabry-Perot interferometer when the reflection coefficient tends to unity [13] . The experimental setup we envision is sketched in Fig. 1(a) and the theoretical calculation of frequency-filtered photon correlations through the sensor method is illustrated in Fig. 1(b) . The original presentation of Eq. (5) in [15] omitted the normal order. Without the normal order this function yields un-physical results for a finite delay time. In an Erratum [16] the authors clarified that normal order is implied through the proof of Eq. (5), though it turns out to be unnecessary for zero time delay. Since Eq. (5) is the departing point of our work, we have carried out a consistency check of its proof as discussed in Appendix A.
The method as proposed in [15] is conceptually clear yet, in practice, its computation involves tackling some numerical challenges. Assuming that all the sensor couplings are identical, j = , the numerical calculations of photon correlations rely on the choice of a system-sensor coupling that is numerically small, but not so small that adding or subtracting terms of order 2M to or from terms of order 0 causes problems within double precision arithmetic. The procedure then involves checking convergence and stability of the numerical results for different values of . Most importantly, computation of photon correlations at zero-time delay requires to numerically finding the zero eigenvalue of the Liouvillian superoperator associated to the joint emitter system plus sensors. This means that computing g
involves calculating the eigenvector with a zero eigenvalue of a matrix 4
M times larger than that of the quantum emitter alone [17] . Similarly, for time-resolved correlations, the calculation involves time propagation in the joint state space of the system and sensors. Evidently, as the dimensionality of the system is larger these numerical challenges become more demanding.
We were therefore motivated to find an approach that would allow us to avoid the issues above mentioned. In what follows we show that by expanding algebraically in one can propose an approach that eliminates the explicit numerical dependance on while at the same time reducing the dimensionality of the Hilbert space needed for computation.
III. FREQUENCY-FILTERED SPECTRUM AND PHOTON
CORRELATIONS AT ZERO DELAY TIME A. M = 1: power spectrum
We begin by demonstrating the basics of our derivation by considering the emitter system coupled to only one sensor. Let us denoteρ ss the steady state of the joint emitter-plus-sensor system. From Eq. (6) we can calculate the power spectrum as:
Considering the identity operator in the sensor Hilbert space i.e. 1 s 1 = j 1 =0,1 | j 1 j 1 |, we can write the full steady stateρ ss asρ
where the matricesρ 
To find the steady state, and in particular the matrixρ 1 1 , we solve for the combined quantum emitter plus sensor system L(ρ ss ) = 0. We consider the action of the Liouvillian given in Eq. (2) (M = 1) on every term in Eq. (9):
, and the expression for L(ρ 1 0 ⊗ |0 1 1 1 |) is the complex conjugate of Eq. (12) . We can rewrite the sum of these expressions, in a similar way to Eq. (9), by grouping together terms related to populations or coherences of the sensor:
In this way we can see our problem reduces to solving the set of coupled equations forρ 
For an arbitrary value of , the set of coupled equations given by Eq. (14b) does not have a simple solution. However, in the limit of weak coupling where 1 and n 1 = Tr[ρ . These approximations can be generalised to a concept of ignoring down coupling, that is, the prefactor matrixB
only contributions from termsρ with + ≤ j 1 + j 1 . This is equivalent to a formal expansion in as all theρ matrices are of order + . Using these approximations, we can write out the equations governing the steady stateB
We can solve these equations in a chain from top to bottom, starting withρ 0 0 . In practice, we need not solve forρ 
a 1 and a † 1 are written in the Liouville space form, and 1 is the identity operator in the emitter Hilbert space. Notice Eq. (17)(b) has an equality as for that case no term is discarded. In the above equationsρ 0 1 has a prefactor of and ρ 1 1 has a prefactor of 2 . Therefore the dependence of the power spectrum (Eq. (10)) on vanishes algebraically. The numerical calculation of the matrices given by Eqs. (17) can, in principle, be done by carrying over a small value for . This procedure, however, could lead to numerical instabilities due to the smallness of . With our method, such instabilities are prevented by computing the re-scaled matriceŝ ρ
, which are now -independent system operators. From the trace of the -independent matrixρ 1 1 we can calculate the sensor count rate as:
The normalised second-order (M = 2) photon correlation at zero delay time can be written as
where S Γ 1 (ω 1 ) and S Γ 2 (ω 2 ) are the mean count rates for the two sensors, as given in Eq. (8), and:
Since time-independent sensor number operators n j commute, normal order in Eq. (20) is unnecessary. Following the same procedure as before, we write our steady state density matrix, with two sensors included, as:
where { j 1 , j 1 } and { j 2 , j 2 } are counters over the states of sensor 1 and sensor 2, respectively. As before, the matriceŝ ρ
= j 1 j 2 |ρ ss | j 1 j 2 are defined in the Hilbert space of the quantum emitter alone and can be re-scaled asρ
With this definition the second-order photon coincidence becomes
with the power spectrum re-defined as
To compute the matricesρ
we solve for the steady state L(ρ ss ) = 0 with two sensors and by ignoring down coupling terms, that is, the matrix prefactor for | j 1 j 1 | ⊗ | j 2 j 2 | has only contributions from termsρ 1 , 2 1 , 2 satisfying the condition
The resultant full set of linearly independent equations (besides those which are Hermitian conjugates of others) are then given by
The solutions, in analogy to those in Eq. (17) , are the following:
Generalisation of this formalism for the M-order frequency-resolved correlation at τ = 0 is straightforward and requires writing out the general steady state for the emitter and M sensors in the form analogous to Eqs. (9) and (21):
where { j m , j m } are counters over the state of sensor m andρ
We define the re-scaled matricesρ
The Mth order photoncoincidence at zero-delay time is given in terms of the trace of matrix with j m = j m = 1 for all m
and the power spectrum for each sensor m is given by the trace of the matrix with j m = j m = 1 for m and j y = j y = 0 from y m:
The general equation satisfied by the matricesρ
Here δ u,v is the Kronecker delta function, equal to zero if u v or unity if u = v. The derivation of Eq. (29) is discussed in Appendix B. We conclude this section by highlighting that our approach to compute multi-photon correlations in the frequency domain is quite efficient as it depends on the Liouvillian of the emitter alone L 0 . This should provide an important advantage for quantum emitters of large Hilbert space dimension. Notice also that, while we have assumed a Lindblad form for L 0 (See Eq. (4)), the relation in Eq. (29) does not explicitly depends on this fact. Hence, if one is able to generalise the proof for the equivalence between the sensor method and the integral methods beyond the Markovian and quantum regression restriction presented in the supplemental material of [15] , our result in Eq. (29) will apply to open quantum systems undergoing nonMarkovian, non-pertubative dynamics.
IV. FREQUENCY-FILTERED CORRELATIONS AT FINITE DELAY TIME
In this section we will use time-dependent perturbation theory to construct solutions for the correlation functions at finite time delay. We focus on the second-order correlation function at finite delay denoted g
In the steady stateρ ss , the explicit time dependence on T vanishes and we can simply write g ω 2 , τ) . In terms of the sensor operators, this correlation is expressed as
where the numerator is given by
and the functions in the denominator are given in Eq. (23). We consider the correlations in Eq. (31) when τ > 0, meaning sensor 1 first registers a detection, then sensor 2 does so a time τ later. Here the normal time ordering is of crucial importance as the sensor operators do not commute at different times. Correlations for τ < 0 are obtained by exchanging ς 1 → ς 2 and ς 2 (τ) → ς 1 (τ). Expressed in Liouville space, the correlation given in Eq. (31) is written as
with G(τ) = exp(Lt), the time propagator operator for the joint sensor plus emitter with L given in Eq. (2). The term ς 1ρss ς † 1 represents a photon detection on sensor 1 which resets this sensor to its ground state and leaves the emitter and sensor 2 in a joint "conditional state", that is,
Notice thatρ(0) is not normalised but has a trace equal ς † 1 ς 1 . Let us define |ρ(τ) = G(τ)|ρ(0) with the initial condition |ρ(0) = |ς 1ρss ς † 1 . In principle, one can perform this explicit time-propagation. Since sensor 1 is now in the ground state, only the interaction Hamiltonian with sensor 2, H e,2 = (a 2 ς † 2 +a † 2 ς 2 ), contributes to the joint dynamics and the propagation requires to test for convergence in . Alternatively, since we are interested in the regime where is small, we can evaluate such dynamics by using time-dependent perturbation theory with respect to H e,2 . We then proceed to expand |ρ(τ) as [29] 
The zeroth order term corresponds to the dynamics given by the emitter and sensors Liouvillians without interaction, that is,
and L 0 , L 1 and L 2 as in Eqs. (3) and (4) . For the initial condition considered, the sensor 1 (2) will not contribute to the dynamics for τ > 0 (τ < 0) and can thus be traced over. The kth order solution requires k interactions with H e,2 , but time propagation occurs only in terms of G 0 (t): 4 . This indicates that to compute the second order correlation function we need to consider up to second order perturbation theory as this will be the first term that, by requiring two iterations of H e,2 , will be of the same order 2 . Third order perturbation will result in terms of the order of 5 or higher, which are negligible under the weak coupling assumption. The time-resolved photon correlation can thus be written as (36) where
The zeroth order term becomes
Here it is relevant to notice that this term contains the same information as g (2) (0) at zero time delay (see Eq. (19) and Eq. (22)), while the exponential time-dependence provides no information about the emitter dynamics as it only relates to the uncertainty in detection time.
The next term arises from the first order perturbation theory, in the form
We can act the first G 0 (τ − t 1 ) to the left, giving (0) defined via the evolution of the emitter alone. As these two terms are complex conjugates, we can write:
This is essentially a finite time Laplace transform of a complex number, which is simple enough to perform numerically.
Here the density matrixρ Finally, the second order term, I 2 (τ), reads
Because we have two applications of H e,2 , bothρ 
with h.c meaning Hermitian conjugate, − → O|ρ ≡Ôρ and ← − O|ρ ≡ρÔ. We have used the Heisenberg and Schrödinger pictures such that a 2 (t) is the time dependent operator, propagating under the adjoint of L 0 . The double integral over the two dimensional simplex is numerically more complex, but can be performed.
Eq. (31) for the time-resolved two-photon coincidence becomes
Notice that I 0 (τ), I 1 (τ) and I 2 (τ) will all feature a prefactor 4 . Hence the dependence in Eq. (42) cancels out algebraically, as expected. The time-resolved photon-coincidence can therefore be written as
withĨ k (τ) = −4 I k (τ) the kth order term, which requires k interactions with the coupling Hamiltonian H e,2 . The final expression for the second-order correlation at a finite time delay reads (37), (39) and (41). At this point it is worth noting that, in general, the time-resolved correlation function can exhibit time asymmetry whenever the two frequencies detected are different from each other (ω 1 ω 2 ), even if a 1 = a 2 . This is evident from the definition of I 1 in Eq. (39) and the definition of I 2 in Eq. (41): both I 1 and I 2 have exponentials in their integrands that explicitly depend on ω 2 or ω 1 for positive or negative times, respectively. Similar arguments apply to the specific matrix operators involved for the different time regimes. Time-symmetrical functions are expected when we have identical system emission operators (a 1 = a 2 ), identical frequencies (ω 1 = ω 2 ) and identical sensor decay rates (Γ 1 = Γ 2 ).
A. Behaviours of at short-and large-time delays
We first consider the short-time delay regime. As we discussed above,Ĩ 0 τ ∝ e −Γ 2 τ for all τ ≥ 0 indicating that its time dependence simply captures the uncertainty in the detection. When τ is smaller than any relevant system timescales, we have, to lowest orderĨ 1 . The most interesting information is thus given by the short time behaviour ofĨ 2 (τ). Since this function involves a propagation in time after a first iteration with H e,2 (see Eq. (40)), its short-time behaviour can have contributions from coherent dynamics within the excited manifold of the system of interest. In fact, the proportionality ofĨ 2 (τ) to τ 2 is suggestive that quantum speedup processes are being captured by this function [30] . For τ < 0, the sensor ordering is reversed and we have instead: Hence, we will expect an asymmetry in g (2) Γ 1 ,Γ 2 (ω 1 , ω 2 , τ) for positive and negative τ, even in the case when a 1 = a 2 .
We now investigateĨ 1 (τ) andĨ 2 (τ) in the regime where τ becomes large relative to the emitter or sensor linewidth timescales. Let us call γ sys the largest emitter decay rate linked to the field operator a 2 . If γ sys Γ 2 and τγ sys 1, we can make the approximatioñ 1,0 (t) and slowly varying. Let us definet 1 = τ − t 1 so we can writẽ
where, by assumption, the dominant term is the numerator of the fraction resulting in a damped oscillatory function. The approximation of a single frequency breaks down when the sensor linewidth is smaller than the emission spectrum. We expect g
and γ sys τ . SinceĨ 0 (τ) andĨ 1 (τ) decay exponentially in this regime,Ĩ 2 (τ) must therefore tend to a constant value. To see this we rewritẽ I 2 in terms oft 1 = τ − (t 2 + t 1 )/2 andt 2 = t 2 − t 1 as
As τ → ∞,ρ 1,0 1,0 (τ) will approach the functional form of our original steady state for the emitter, and so we can writẽ ρ
. We also expect the trace of the difference term ∆ρ ss to be exponentially small when τ → ∞, and the variation in terms oft 1 andt 2 to be slow enough to neglect. We can therefore take the integral overt 1 and obtaiñ
Tr a 2 (t 2 ) ρ 0,0
If we take the integral overt 2 to infinity (assuming γ sys τ 1), the term dependent onρ 0,0 0,0 will tend to n 1 n 2 and the remainder term, which is a function of ∆ρ ss (τ −t 2 /2), tends to zero, giving g
Assuming ∆ρ ss (t) does not have rapidly oscillating components, we expect Eq. (48) to be a good general approximation for a wide range of τ.
We conclude this section by noting that the second-order time-dependent perturbation approach described above can also be used in the calculation of higher-order photon correlations when only one sensor has a time delayed detection, ...ω m , τ....ω M ) . The generalisation to multiple time delays is, however, more elaborated. For instance, computation of the 3rd order correlations for different delay times will require the application of second-order perturbation theory with respect to the interactions with sensors 2 and 3, H e,2 and H e,3 respectively, but at different stages in the dynamics. This will lead to a four dimensional numerical integration. In this case one can instead take advantage of the efficient method to compute the auxiliary matrices defining the steady state (see Eq. (29)) and propagate in time without perturbation.
V. COMPARISON OF ORIGINAL AND PROPOSED METHOD
To compare our approach and the original formulation of the sensor method, we consider a toy model for a prototype vibronic dimer as in Ref. [31] [32] [33] . We are motivated by the experimental measurements of room-temperature photocounting statistics of similar bichromophoric [34, 35] and multi-chromophoric systems [36] systems, all of which have given evidence of anti-bunching. In our toy model, each chromophore has an excited electronic state |k with energy α k , k = 1, 2, and is locally coupled with strength g to a quantized vibrational mode of frequency ω vib . Inter-chromophore coupling is generated by dipole-dipole interaction of strength V. The electronic Hamiltonian and the bare vibrational Hamiltonian read H el = α 1 |1 1| + α 2 |2 2| + V(|1 2| + |2 1|), and
, respectively. Linear coupling of electronic excited states to their corresponding local vibration is described via
creates (annihilates) a phonon of the vibrational mode of chromophore k. We denote |X 1 and |X 2 the exciton eigenstates of H el , with corresponding eigvalues E 1 and E 2 yielding an average energy E = (E 1 + E 2 )/2 and a splitting ∆E = (∆α) 2 + 4V 2 , with ∆α = α 1 − α 2 being the positive difference between the onsite energies. Including the electronic ground state |G with energy set to zero, we define the electronic basis {|G , |X 1 , |X 2 }. Transformation of this electronic-vibrational Hamiltonian into normal mode coordinates [31, 37] shows that only the relative displacement mode, with creation operator
2 )/ √ 2, couples to the excitonic system. The effective Hamiltonian for the prototype dimer takes the form of a generalised quantum Rabi model [38] :
Here we have defined the collective electronic operators
, and the mixing angle θ = 1/2 arctan (2|V|/∆α) satisfies 0 < θ < π/4. The vibrational eigenstates of D † D are denoted as |l , which for the purpose of numerical computation, are set to a maximum number L, i.e. l = 0, 1, · · · , L. Hence, the ground electronicvibrational eigenstates of H 0 are of the form |G, l ≡ |G ⊗ |l while the excited vibronic eigenstates, labelled |F v , can be written as quantum superpositions of states
We assume each local electronic state undergoes pure dephasing at a rate γ pd and associated with jump operator A k = |k k|, while the collective vibrational mode undergoes thermal emission and absorption processes with rates Γ th (η(ω vib ) + 1) and Γ th η(ω vib ), respectively. Here η(ω) = e βω − 1
with β = 1/K B T the thermal energy scale. The system is subjected to incoherent pumping of the highest energy exciton |X 1 state, with transition operator σ † X 1 = |X 1 G| and rate P X 1 . Radiative decay processes from excited vibronic states to the ground are given at rate γ and are described by jump operators of the form σ vl = |G, l F v |. The Liouvillian of the emitter system in the absence of coupling to any sensor is given by (see Eq. (3))
The sensors, each with bare Hamiltonian H m = ω m ς † m ς m , are assumed to have identical linewidths Γ and are coupled with equal strength to bare exciton states through the operator a = σ X 1 +σ X 2 such that H e,m = [(σ
The second term for the Liouvillian superoperator in Eq. (2) then becomes
In the right-hand side of Eqs. (50) and (51) 
We consider bio-inspired parameters for our toy model [31, 39] . The electronic coupling takes the value V = 92 cm −1 while the onsite energy difference is ∆α = 1, 042 cm −1 [31] such that the average exciton energy becomes E = 18000 cm −1 [39] and the exciton energy splitting ∆E = 1, 058.2 cm accounts for transitions from excited vibronic states quasilocalised on |X 1 , l → |G, l , as well as transitions from states quasi-localised on |X 2 , l → |G, l − 1 . The -dependent method tends to underestimate the spectrum as can be seen in Fig. 3 (a), with differences of 
FIG. 2: (Color online)
Power spectra S Γ (ω 1 ) in log scale versus ω 1 for our vibronic dimer as predicted both by the method proposed in this paper and by the -dependent sensor method. 
Γ (R 4 , R 3 ) in semilog scale, as functions of . Both functions are calculated with the -dependent method for our vibronic dimer.
The second order correlation function at zero delay time g Γ (ω 1 , ω 2 ) is shown in Fig. 4(a) . There we have fixed ω 2 = R 3 and scan ω 1 over the domain of frequencies in the power spectrum. Anti-bunching is observed for the whole frequency regime with larger offsets from zero for the frequency pair (R 5 , R 3 ), indicating transitions corresponding to this pair are weakly correlated. The predictions of the two methods agree up to differences that scale with 2 as can be seen in Fig. 4(b) . This figure plots |∆g (2) (0)|, the absolute value of the difference between the values obtained with our approach (solving Eq. (24)) and the -dependent method. The later tends to overestimate the second-order photon correlations as can be seen in Fig. 3(b) , which plots g (2) Γ (R 4 , R 3 ) as function of . We now turn the attention to the function g Γ (R 4 , R 3 , τ) depicted in Figs. 5(a) and (b), which show the correlation between photodetections of the frequency pair (ω 1 = R 4 , ω 2 = R 3 ) as a function of the delay time. We compute this timeresolved correlation in two ways. First, using Eq. (44), we perform the numerical integration for the contributionsĨ 0 (τ), I 1 (τ) andĨ 2 (τ) and add them together (Fig. 5(a) ). Second, we use the -dependent method (Fig. 5(b) ). The agreement between the predictions of the two methods is evident for both short-time (main panels) and long-time regimes (inset (ii) in Fig. 5(a) and inset in Fig. 5(b) ).
The figures highlight the asymmetric behaviour of g (2) Γ (R 4 , R 3 , τ) with respect to τ, which appears in the time scale of the vibronic decoherence in our model (set mainly by Γ th ). The components νĨ k (τ) (k = 0, 1, 2) with ν = [ n 1 n 2 ] −1 , are also plotted in Fig. 5(a) . As predicted, I 0 (τ) decays exponentially from the initial value set by g (2) Γ (R 4 , R 3 , τ = 0).Ĩ 1 (τ) is linear in τ in the short time regime and evolves to take negative values (see Fig. 5 (a) (Inset (i))), reflecting an overdamped oscillation that decays to zero in the long-time regime, in agreement with the behaviours discussed in section IV A. The negative values ofĨ 1 (τ) are counteracted byĨ 0 (τ) andĨ 2 (τ) such that a physical g (2) Γ (R 4 , R 3 , τ) is always obtained. Fig. 5 also shows that the short-time asymmetry in g (2) Γ (R 4 , R 3 , τ) can be traced back, as expected, toĨ 1 (τ) and I 2 (τ), indicating that the correlation function is capturing co- 
herent processes in this time scale. Depending on which frequency is probed first, such coherent processes set a different rate for approaching the uncorrelated steady-state emission at large times (see inset (ii) in Fig. 5(a) ).
In summary, we have shown the method here proposed is equivalent to the -dependent sensor method to compute frequency-filtered correlation functions. In our method the dependence of correlation functions on vanishes algebraically. It therefore avoids both the need to test for convergence for different values of , and the possible numerical instabilities associated to the smallness of this factor. Identifying a priori when the original method will lead to instabilities is difficult, as it is case-dependent.
VI. CONCLUSION
We have developed an alternative formulation of the sensor method for the calculation of frequency filtered and timeresolved second-order photon correlations and our main results are summarised by Eqs. (27) - (29) and Eq. (44). Our approach, being based on perturbation theory, assumes that the emitter-sensor coupling strength is small, but naturally, the dependence of correlation functions on vanishes algebraically. This implies that numerical computation of correlations does not depend explicitly on the value of . Our method then eliminates the need of evaluating convergence with respect to it, as it is the case when one performs numerical calculations using the original sensor method. Most importantly, the formalism re-defines the problem of computing photon correlations in terms of auxiliary matrices defined in Hilbert space of the emitter only, thereby reducing the dimensionality of the space needed for calculations and, in this way, leading to efficient numerical performance. Provided that, one can relax the quantum regression approach that was used in [15] to prove the equivalence between the sensor and integral methods for computing M-photon correlations, the relations in Eqs. (27) - (29) and Eq. (44) apply to a general non-Markovian, nonperturbative open quantum dynamics of the emitter.
Our proposed method for time-resolved correlations is based on time-dependent perturbation and leads to the expression of g (2) Γ 1 ,Γ 2 (ω 1 , ω 2 , τ) in Eq. (44) as the sum of three componentsĨ 0 ,Ĩ 1 andĨ 2 , each of which gives insight into the the physical processes dominating the correlations at different time-scales. The trade off is that computation of two of these components requires numerical integration of manageable single and double integrals. The method can be systematically generalised to M-photon correlations for zero delay time or when there is delay in only one of the detectors. Its extension to multiple time delays is more elaborated. In that case one can still take the advantage of computing the auxiliary matrix operators given in Eq. (29) but propagate in time without perturbation, thereby combing the advantages of both our approach and the original sensor method.
To illustrate the agreement between the new approach and the original -dependent method, we have compared their predictions for the frequency-filtered photon statistics of a toy model that has been inspired in a light-harvesting vibronic dimer. The focus here has been on highlighting the equivalence between the predictions of the two numerical approaches rather than a detailed analysis of the physical insight of the photon-correlations for the system under consideration. We would however like to point out that the results presented here already suggest that frequency-filtered and time-resolved photon-counting statistics can provide a powerful approach to probe coherent contributions to the emission dynamics of biomolecular systems. An in-depth analysis of frequencyfiltered photon correlations for the system of interest will be presented in a separate forthcoming manuscript.
Appendix A CONSISTENCY CHECK OF THE PROOF OF THE EQUIVALENCE BETWEEN THE SENSING AND THE INTEGRAL METHODS
In Ref. [15] and in its supplemental material it is shown that the sensor method to evaluate M−photon correlation functions is identical to the integral method with Lorentzian frequency filter functions for the sensors. Originally, in Ref. [15] the normal order for sensor intensity correlations given in Eq. (5) was omitted. This could lead to the confusion that the normal order for sensor operators was, in general, unnecessary. In an Erratum [16] the authors have clarified that their proof assumes normal order all throughout. Since our proposed approach is equivalent to the sensor method, as long as the normal order of the sensor operators is taken into consideration, we have made a consistency check of the proof presented in the supplemental material of Ref. [15] .
We begin by considering Eq.(42) in the supplemental material of Ref. [15] : ∂ τ n 1 (0)n 2 (τ) = −Γ 2 n 1 (0)n 2 (τ) + 2Re[i 2 n 1 (0)(ς 2 a † )(τ) ] , (52) with n j = ς † j ς j the sensor number operator and n 1 (0)n 2 (τ) ≡ Tr[n 2 (τ)ρ ss n 1 ]. This equation, which does not consider normal ordering as written, leads to spurious results such as negative values in g (2) (ω 1 , ω 2 , τ). To see this, we write the steady state density matrix for the joint emitter and sensors as in Eq. (21) in our manuscript. In this form the difference between using normally ordered operators and the number operator is evident: The total number of tier-below matrices required equals J and each of these matrices differs only in one index j m or j m which will be 0 rather than unity. Let us call this tier-below matriceŝ ρ 
